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Abstract. In this paper we will prove that there exists a covari- 
ant functor, called algebraic anabelian functor, from the category 
of algebraic schemes over a given field to the category of outer 
homomorphism sets of groups. The algebraic anabelian functor, 
given in a canonical manner, is full and faithful. It reformulates 
the anabelian geometry over a field. As an application of the an- 
abelian functor, we will also give a proof of the section conjecture 
of Grothendieck for the case of algebraic schemes. 
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Introduction 

In this paper we will prove that there exists an algebraic anabelian 
functor, a covariant functor, given in a canonical manner, from the 
category of algebraic schemes over a given field to the category of outer 
homomorphism sets of groups. 

Fortunately, the algebraic anabelian functor is full and faithful. In 
deed, it reformulates the anabelian geometry over a field in the sense 



2000 Mathematics Subject Classification. Primary 14F35; Secondary 11G35. 
Key words and phrases, anabelian functor, anabelian geometry, etale fundamen- 
tal group, section conjecture. 

1 



2 



FENG- WEN AN 



of Grothendieck. For detail, see Theorem 1.3, the main theorem of the 
paper. 

As an apphcation of the algebraic anabelian functor, we will give a 
proof of the section conjecture of Grothendieck for the case of algebraic 
schemes. See §^ for detail. 

We will prove the Main Theorem of the paper in ^12 after we make 
several preparations in ^^3-11. 

In particular, in §P we will give the proofs that the arithmetic un- 
ramified extension in [5j and the formally unramified extension in [7] 
are both well-defined. These unramified extensions are used to give the 
computations of etale fundamental groups for arithmetic schemes and 
algebraic schemes, respectively. 

Note that there exists another anabelian functor, the arithmetic 
anabelian functor, which is a covariant functor defined canonically 
on the category of arithmetic schemes surjectively over the ring Ok of 
algebraic integers of a number field K. Such a functor is also full and 
faithful. 

However, the arithmetic anabelian functors, which are related to 
class field theory, are very different from the algebraic ones. This is 
due to the fact that their etale fundamental groups are very different. 
For example, it is clear that 

7rf{Spec{Q)) ^ Gal{Q/Q) 

holds (or see Theorem 10.2 for a generalized result). On the other 
hand, by O [9] we have 

Tif{Spec(Z)) = Ga/(Q""/Q) = {0}. 

Here, Q"" (= Q) denotes the (nonabelian) maximal unramified exten- 
sion of the rational field Q. 

Acknowledgment . The author would like to express his sincere gratitude 
to Professor Li Banghe for his advice and instructions on algebraic 
geometry and topology. 

1. Statement of the Main Theorem 

1.1. Notation. Let i^' be a field. By an algebraic i^'- variety we will 

understand an integral scheme X over K of finite type. 
For an integral scheme Z, put 

• k{Z) = Ox.s,, the function field of an integral scheme Z with 
generic point ^; 

• Tif (Z) = the etale fundamental group of Z for a geometric 
point of Z over a separable closure of the function field k (Z) . 
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In particular, for a field L. set 

7rf(L)4<(5pec(L)). 

1.2. Outer ho momorphism set. Let G, if, tti, 7r2 be four groups with 
homomorphisms p : G — > tti and q : H ^ Tr2, respectively. 

Definition 1.1. The outer homomorphism set from G into H over 

TTi and 7r2 respectively, denoted by Hom°^^^,^{G, H), is the set of the 
maps a from the quotient into the quotient given by a group 
homomorphism / : G — > if in such a manner: 

for any a; G tti. 

In particular, such a cr is said to be bijective if the / above is an 
isomorphism such that q{H) — f op{G). 

Remark 1.2. Suppose that G and H are normal subgroups of tti and 
7r2, respectively. Then Horrf^^^^{G,H) can be regarded as a subset of 
Hom{Out{G),Out{H)). 

Let PG be the category of group pairs {G, tt) as objects, with outer 
homomorphisms between group pairs as morphisms. Here, By a group 
pair {G, n) we understand two groups G and vr together with a given 
homomorphism p : G — > tt of groups. By an outer homomorphism 
from (G, TTi) into {H,tt2) we understand a map 

p{G) " q{H) 

given in Definition 1.1. 

PG will be called the category of outer homomorphism sets of 
groups in the paper. 

1.3. Statement of the main theorem. Fixed a field K. Here K is 
not necessarily of characteristic zero. For any algebraic variety X, 
there canonically exists a group pair (vrf (X), vrf (A;(X))). 

Let Sc]h(fi') denote the category of algebraic fT-varieties as objects, 
with scheme morphisms as morphisms satisfying the condition: 

For any X, F G Sc]li(i^), a scheme morphism f : X ^ Y 
is said to be contained in the category S(ch{K) if k{X) is 
separably generated over k{Y) canonically. 

Here is the main theorem of the present paper. 
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Theorem 1.3. (Main Theorem) For any field K , there is a covariant 
functor T from category S<ch{K) to category PG given in a canonical 
manner: 

• An algebraic K-variety X G §c]h(-ft') is mapped into a group 
pair (vrf (X), vrf (A;(X))) G PG; 

• A scheme morphism f G Hom{X, Y) is mapped into an outer 

homomorphism T{f) G Hom°^t(^k{x)),iTf{k{Y)) (^i* (^) ' ^i* (^)) 
given by f . 

Furthermore, t is full and faithful. 

In particular, an f E Hom{X, Y) is an isomorphism if and only if 
X and Y have a common sp-completion and T{f) is a bijective outer 
homomorphism. 

Here, for sp-completion, see [9j or see below §5.^ in the present paper. 
Roughly speaking, an sj>-completion of an integral scheme is such a one 
that contains all the separably closed points. 

We will prove Theorem 1.3 in %12 after we make preparations in 

§§5-ii. 

Remark 1.4. The functor t{K) is said to be the anabelian functor 
over a field K, or algebraic anabelian functor. The Main Theorem 
above says that the ananbelian functor over a field reformulates the 
anabelian geometry in the sense of Grothendieck. In deed, it will also 
give an answer to the section conjecture of Grothendieck for the case 
of algebraic schemes (see §2). 

Remark 1.5. There exists an arithmetic anabelian functor, which 
is the anabelian functor over the ring Ok of algebraic integers of a 
number field K. Such a functor is also full and faithful. However, the 
arithmetic anabelian functors, which are related to class field theory, 
are very different from the algebraic ones. This is due to the fact that 
their etale fundamental groups are very different. 

Remark 1.6. Let X and Y be two integral i^'-varieties. It is seen that 
the group pairs (vrf (X), vrf and (vrf (F), vrf (/c(F))) are indeed 

the ramified groups 7rJ''(X) and vrf (F), respectively. Hence, the outer 
homomorphism set 

^o<"W)),.f(.(y)) 

is exactly equal to the set 

Hom{4'\X)y{{Y)) 

of homomorphisms between the ramified groups. For ramified groups, 
see %10-11 below in the paper. 
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2. Application to the Section Conjecture 

2.1. Algebraic anabelian functor: Special case. Let Sc]h(i^r)Q be 
the category of algebraic K-varieties as objects, together with scheme 
morphisms as morphisms satisfying the condition: 

For any X,Y ^ Sich.{K)Q, a morphism f : X ^ Y of 

schemes is said to be contained in the category Ei(ch{K)Q 
if X and Y have a common sp-completion and k{X) is 
separable over k{Y) canonically. 

Here is a result on algebraic anabelian functor on the category Scli(-ft') 

Theorem 2.1. For any field K , there exists a covariant functor tq 
from category EKch^K)^ to category PG given in a canonical manner: 

• An algebraic K-variety X e Sc]h(JC)Q is mapped into a group 
pair « (X),7rf(k(X))) e PG; 

• A scheme morphism f G Hom{X, Y) is mapped into an outer 
homomorphism To{f) G Hom'^'il^^^^^^.^^^t^kiY)) i^t (^) (Y)) 
given by f . 

Furthermore, Tq is full and faithful. 

In particular, an f & Hom{X, Y) is an isomorphism if and only if 
the outer homomorphism to(/) is bijective. 

Proof. It is immediate from Theorem 1.3 and Lemma 12.2. □ 

2.2. Section conjecture for algebraic schemes. Fixed a field K. 
There are the following results on anabelian geometry of algebraic 
schemes over K. 

Theorem 2.2. Let X and Y be two algebraic K-varieties. Suppose 
that k (X) is canonically separable over k (Y) and X, Y have a common 
sp-completion. Then there is a bijection 

Horn {X, Y) - //om5(,(^„,,.(,(^)) (Trf {X) , (Y)) 

between sets. 

Proof. It is immediate from Theorem 2.1. □ 

Theorem 2.3. Let X be an algebraic K-variety. Suppose that k{X) 
is separably generated over K . Then there is a bijection 

r {X/K) - i/om-.*(^)_,e*(,(;,)) « (i^), < (A)) 

between sets. 

Proof. It is immediate from Theorem 1.3 and Lemma 12.4- □ 



6 



FENG- WEN AN 



2.3. An interpretation given by Galois groups. For a field L, set 
the following symbols 

• G{L) = the absolute Galois group Gal{U^^ / L); 

• G{LY'' = the Galois group Gal{L"-^ / L) of the maximal formally 
unramified extension L"-^ of L (see Definition 9.7 below). 

For Theorems 2.2-3, there is the following version of Galois groups 
of fields. 

Theorem 2.4. Let X and Y be two algebraic K-varieties. Suppose 
that k {X) is canonically separable over k {Y) and X, Y have a common 
sp- completion. Then there is a bijection 

Hom{X,Y) - Hom"^l,^^^)^aiHY)) {G{k{X)r,G{k{Y)r) 
between sets. 

Theorem 2.5. Let X be an algebraic K-variety. Suppose that k{X) 
is separably generated over K. Then there is a bijection 

r {X/K) - Hom'^l^^^aikix)) {G{KY\ G {k{X)r) 
between sets. 

It is seen that Theorems 2.4-5 hold from Theorems 2.2-3 above. 

3. Basic Definitions 

Let's fix notation and terminology in the present paper. They will 
be used in the following sections. 

3.1. Convention. For an integral domain D, let Fr{D) denote the 
field of fractions of D. 

In particular, let D be contained in a field Q. In the paper Fr{D) 
will always be assumed to be contained in Q. 
For a field L, set 

• L^^^ = the separable closure of L; 

• L"^ (or L) = an algebraic closure of L. 

By an integral i^-variety X in the paper we will understand an 
integral scheme over a field K (not necessarily of finite type). 

3.2. Quasi-galois extension of a function field. Assume that L is 
an extension over a field K. Let Gal{L/K) be the Galois group of L 
over K. Note that here L is not necessarily algebraic over K. 

Definition 3.1. The field L is said to be Galois over K if K is the 
invariant subfield of Gal{L/K). 
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For example, Q{t) is Galois over Q. Here, t is a variable over Q. 
Now we extend the notion of quasi-galois from algebraic extensions 
to function fields. 

Definition 3.2. The field L is said to be quasi-galois over K if each 
irreducible polynomial f{X) G F[X] that has a root in L factors com- 
pletely in L [X] into linear factors for any subfield F with K <0 F C L. 

Let D G Di n D2 he three integral domains. Then Di is said to be 
quasi-galois over D if the fraction field Fr{Di) is quasi-galois over 
Fr (D). 

Definition 3.3. The ring Di is said to be a conjugation of D2 over 
D if there is an F— isomorphism r : Fr{Di) — > Fr{D2) such that 
t{Di) = D2, where F = k{A), k = Fr{D), A is a transcendental basis 
of the field Fr{Di) over k, and F is contained in Fr{Di) n Fr{D2). 
In such a case, Di is also said to be a D— conjugation of D2. 

Replacing rings by fields, we have a definition that a field Li is said 
to be a conjugation of a field L2 over a field K, where K is assumed 
to be contained in the intersection LiH L2. Note that in such a case, 
we must have L1 — L2. 

3.3. Essentially afHne scheme. Let X be a scheme. As usual, an 
afHne covering of X is a family Cx = {(f^a, 0^; ^a)}agA such that 
for each a G A, 0q, is an isomorphism from scheme {Ua.,Ox\ua) onto 
scheme {Spec{Aa)iOspec{Aa))) where is a commutative ring with 
identity. 

Each element 0^; Aa) G Cx is called a local chart. For the sake 
of brevity, a local chart (t/a, 0^; Aa) will be denoted by Ua or {Ua-i 4>a)- 

An affine covering Cx of (X, Ox) is said to be reduced ii Ua Up 
holds for any o; 7^ /3 in A. 

Definition 3.4. An affine covering {{Ua, (pa'i ^a)}a€A of X is said to 
be an affine patching of X if Ua = SpecAa and the map 0a is the 
identity map on the underlying space Ua for each a G A. 

Let €omm be the category of commutative rings with identity. For 
a given field fl, let Comm(f2) be the category consisting of the subrings 
of Q, and their isomorphisms. 

Definition 3.5. Let Comrrio be a subcategory of €omm. An affine 
covering {{Ua - (pa] Aa)}a&A of X is said to be with values in dommo 
if for each a G A there are Ox{Ua) — Aa and Ua — Spec{Aa), where 
Aa is a ring contained in Comrrio. 

In particular, an affine covering Cx of X with values in Comm(r2) is 
said to be with values in the field Q. 
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Let Cx = {{Ua, 4>a', AQ.)}a£A be a reduced affine covering of X with 
values in a field Q. For any {Ua, 4>a] ^a), {Up, (p^; A^) G Cx, we say 

(pa] = {Up, (pp; Ap) 

if and only if 

Ua = Up, (pa = (pp. 

That is, we will always neglect the map (pa for a local chart {Ua, (pa] Aa) 
in such a Cx- 

For brevity, a scheme is said to be essentially afRne in Q if it has 
a reduced affine covering with values in Q. 

It will be seen that essentially affine schemes have many properties 
like affine schemes. 

3.4. Essentially equal scheme. By affine covering with values in a 
field, it is seen that affine open sets in a scheme is measurable and 
the non-affine open sets are unmeasurable. So we can neglect the non- 
affine open sets in an evident manner, where almost every property of 
the scheme is preserved. 

Now suppose that there are two structure sheaves Ox and O'x on 
the underlying space of an integral scheme X. 

Definition 3.6. The two integral schemes {X, Ox) and {X, O'x) are 
said to be essentially equal provided that for any open set U in X, 
there is an equivalence relation 

U is affine open in (X, Ox) so is U in (X, O'x) 

and in such either Di = D2 holds or the two conditions below 

are both satisfiecO: 

• Fr{Di) = Fr{D2). 

• For any nonzero x G Fr{Di), there is a relation 

xeDif]D2 
or there is an equivalence relation 

xeDi\D2^x-^ e D2\Di. 
Here, Di = Ox{U) and D2 = 0'x{U). 

For example, consider the discrete valuation ring 

r 

^(p) = {- ■■ r,s eZ,s ^0, {p, s) = 1} 

^By such additional conditions, we have a sufficiently large number of integral 
schemes so that we can give a computation of etale fundamental groups. 
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of S'pec(Q) for a prime p. It is clear that 5'pec(Z(3)) and >S'pec(Z(5)) arc 
not essentially equal. 

In deed, let dimX = 1. Suppose that the integral schemes {X, Ox) 
and {X,0'x) are essentially equal. Then Ox{U) and Ox{U) have the 
same discrete valuation for an affine open set U in X. 

Definition 3.7. Any two schemes (X, Ox) and {Z, Oz) are said to be 
essentially equal if the underlying spaces of X and Z coincide with 
each other and the schemes {X, Ox) and (X, Oz) are essentially equal. 

It is seen that scheme that are essentially equal must be isomorphic. 

3.5. Quasi-galois closed ctfRne covering. Assume that f : X 

is a surjcctive morphism between integral schemes. Fixed an algebraic 
closure fl of the function field k{X). 

Definition 3.8. A reduced affine covering Cx of X with values in Q 
is said to be quasi-galois closed over F by / if there exists a local 
chart (f/;, 0^; A'J e Cx such that U'^ C ^-\Va) holds 

• for any affine open set in Y; 

• for any {Ua,(pa]Aa) e Cx with C f-\Va)] 

• for any conjugate A'^ of Aa over Ba, 

where Ba is the canonical image of OyiVa) in k{X) via /. 

3.6. Quasi-galois closed scheme. Let X and Y be integral schemes. 
Suppose that / : X — > y is a surjective morphism. Denote by Aut (X/Y) 
the group of automorphisms of X over Y. 

An integral scheme Z is said to be a conjugate of X over Y if there 
is an isomorphism a : X Z over Y. 

Definition 3.9. The scheme X is said to be quasi-galois closed (or 
qc for short) over F by / if there is an algebraically closed field fl and 
a reduced affine covering Cx of X with values in Q such that for any 
conjugate Z oi X over Y the two conditions are both satisfied: 

• {X, Ox) and {Z, Oz) are essentially equal if Z is essentially 
affine in Q. 

• Cz '^Cx holds if Cz is a reduced affine covering of Z with values 
in Vt. 

Remark 3.10. In the above definition, the field Vt enables the affine 
open subschemes of the integral scheme X to be measurable while the 
other open subschemes of X are still unmeasurable. In particular, each 
scheme X that is qc over Y must be essentially affine. 
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Remark 3.11. Let be the algebraically closed field in Definition 3.9. 

{i) By Q, all the rings of affine open sets in X are taken to be as 
subrings of the same ring Q so that they can be compared with each 
other. 

(ii) By Q, we can restrict ourselves only to consider the function 
fields which have the same variables over a given field. 

Remark 3.12. It is seen that in Definition 3.9, the affine covering 
Cx of X is maximal by set inclusion. In fact, Cx is the natural affine 
structure of X with values in Q (see [2] for definition). Conversely, it 
can be proved that a quasi-galois closed scheme has a unique natural 
affine structure with values in Q (see [21 IH] ) • 

In other words, fl can be chosen to be an algebraic closure of the 
function field k{X); Cx is the unique maximal affine covering of X with 
values in Q (see Remark 5.2 in §5 below). 

4. Galois Extensions of Function Fields 

4.1. Galois extension of a function field. In this section we will 
prove the following result about a Galois extension of a function field. 

Theorem 4.1. Let L he a finitely generated extension of a field K . 
Then L is Galois over K if and only if L is quasi-galois and separably 
generated over K . 

Note that here L is not necessarily algebraic over K. After several 
lemmas, we will prove Theorem 4-i at the end of the present section. 

4.2. Recalling preliminary facts on quasi-galois extensions. Let 

L be a finitely generated extension of a field K. 

The elements 1^1,^2, ■ ■ ■ ,Wn & L are said to be a (r, n)— nice basis 
of L over K if the conditions below are satisfied: 

• L = K{wi,W2, ■ ■ ■ ,Wn)] 

• wi,W2, - ■ ■ ,Wr are a transcendental basis of L over K; 

• Wr+i, Wr+2, ' ' ' ,Wn are a linear basis of L over K{wi, W2, - ■ ■ , Wr). 
Here < r < n. 

Let's recall preliminary facts on quasi-galois extensions of function 
fields. 

Lemma 4.2. (0, E]) Fixed an intermediate field K ^ F L and an 
X G L that is algebraic over F. Let z be a conjugate of x over F. Then 
there exists a {s,m)—nice basis vi,V2, ■ ■ ■ ,Vm of L over F (x) and an 
F— isomorphism r from the field 

L = F{x, vi, f 2, ■ ■ ■ , Vs, Vs+i, ■■■ ,Vm) 
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onto a field of the form 

F {Z, Vi, V2,-- - , Vs, Ws+l, ■■■ , Wm) 

such that 

t{x) = z, r(f i) = vi,--- , t{vs) = Vs. 

Here, Wg+i, Ws+2, ■ ■ ■ , Wm are elements contained in an extension of F. 
In particular, we have 

Ws+l = Vs+1, VJs+2 = Vs+2, ■■■ ,Wm = Vni 

if z is not contained in F{vi, V2, - ■ ■ , fm)- 

Proof. It is immediate from preliminary facts on fields. □ 

Lemma 4.3. ([21 13]) The following statements are equivalent, 
{i) L is quasi-galois over K. 

{ii) Any conjugation of L over K is contained in L. 
{Hi) There exists one and only one conjugation of L over K. 
{iv) Take any x G L and any subfield K C F ^ L. Then L contains 
all conjugations of F (x) over F. 

Proof. Prove (i) => (iv). Fixed an x G L and a subfield K <0 F O L. 
If a; is a variable over F, the field F {x) must be contained in L since 
F (x) is the unique conjugation of F (x) over F by (z). 

Let X be algebraic over F. Then an F— conjugation of F{x), which 
is exactly an F— conjugate of F (x), must be contained in L by (i). 

Prove (iv) =^ (i). Fixed any subfield K O F <0 L. Let f{X) be 
an irreducible polynomial over F. Take any x G L such that / (x) = 0. 
It is seen that an F— conjugation of F{x) is nothing other than an 
F— conjugate. Then every F— conjugate of F(x) is contained in L by 
(iv). Hence, L is quasi-galois over K. 

Prove (iv) =^ (ii). Let if be a conjugation of L over K. Fixed 
any xq G H. Take a (r, n)— nice basis Wi,W2, ■ ■ ■ , w„ of L over K and 
an isomorphism a : H ^ L over 

Kq = K{wi,W2, ■■■ ,Wr) 

such that H is a /^-conjugation of L by a. 

It is clear that Wi,W2, - ■ ■ ,Wr are all contained in the intersection of 
H and L. It follows that Xq must be algebraic over Kq. 

Evidently, the field -ft'of^^o] is a conjugate of the field ii'o[cr(xo)] over 
Kq and then is a conjugation of -K'o[cr(xo)] over K. From (iv) we have 
xo G -ftTofa^o] ^ L. Hence, H C L. 

Prove [ii) =^ (iu). Take any x G L and any subfield K O F <0 L. 

If X is a variable over F, the field F (x) that is the unique conjugation 
of F (x) itself over F must be contained in L by (ii). 
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Suppose that x is algebraic over F. Let z be an F— conjugate of x. 
li F — L, we have z — x & L by (ii) . 

Now let F ^ L. Prom Lemma 4-2 we have a field of the form 

F {z, Vi,V2,-- - , Vs, Ws+l, •■• , Wm) , 

which is an F— conjugation of L. As K C F, we must have 

Z e F {z,Vi,V2, - ■ ■ , Vs, U)s+1, ■■■ , Wm) ^ L. 

by {ii) again. Hence, z E L. 
Prove (Hi) =^ (ii). Trivial. 

Prove (i) =^ (Hi). Let L be quasi-galois over K and let if be a 
conjugation of L over K. In the following we will prove H = L. 

In fact, choose a (s,m)— nice basis vi,V2, ■ ■ ■ ,Vm of L over K and 
an F— isomorphism t oi H onto L such that via r the field if is a 
conjugate of L over F, where 

F = k{vi,V2, ■ ■ ■ ,Vs). 

It is seen that F C. H C L hold by Definition 3.2. 

Hypothesize H ^ L. Take any xq E L \ H. There are two cases. 
Case (i). Let xq be a variable over H. We have 

dim^ H — dimx L — s < oo 

since H and L are conjugations over K. On the other hand, we have 

1 + dimx H — dim^ H{xo) < dim^ L 

from xq E L \ H , which will be in contradiction. 

Case (ii). Let xq be algebraic over H. It is seen that xq is algebraic 
over F. We have 

[if : F] = [L : F] < oo 

since if is a conjugate of L over F. On the other hand, we have 

2 + [if : F] < [H[xo] : F] < [L : F] 

from Xq E L\H, which will be in contradiction. 
Then L\H must be empty. Hence, L — H. 

This completes the proof. □ 
4.3. Proof of Theorem 4'1- Now we give the proof of Theorem 4-i' 

Proof. Prove <^=. Let L be quasi-galois and separably generated over 
K. If L is algebraic over K, it is clear that L is Galois over K. 

Now suppose that L is a transcendental extension over K. It suffices 
to prove that there exists an automorphism ctq G Gal{L/K) such that 
K is the invariant subfield of ctq. 
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In fact, fixed any (r, n)— nice basis vi, V2, ■ ■ ■ ,Vn of L over K. Put 

Fq = K{Vi,V2, ■ ■ ■ ,Vr). 

Then L is algebraic over Fq. Here, we liave r ^ 1. By Lemma 4-3 
it is seen that every conjugation of L over K is exactly L itself. It 
follows that there is one and only conjugate of L over Fq. Then L is a 
quasi- galois algebraic extension of Fq. 

Hence, L is Galois over Fq since L is separable over Fq from the 
assumption. Fixed any tq G Gal{L/ Fq) with tq ^ idi. 

Let Ti be an automorphism of Fq over K given by 

1 1 1 

Vi ^ — ,V2 ^ — , • • • ,Vr ^ — . 
Vi V2 Vr 

Then we have an automorphism ctq G Gal{L/K) defined by Tq and 
Ti in such a manner 

f{Vl,V2r-- ,Vn) ^ ^ 
g{Vi,V2, ■■■ ,Vn) 

^ f{ri{vi),Ti{v2),--- ,Ti{Vr),To{Vr+l),--- ,ro{Vn)) ^ ^ 
9{ri{vi),Ti{v2),--- :ri{Vr),TQ{Vr+l),--- ,To(T;n)) 

for any polynomials f{Xi, X2, • • • , X„) and g{Xi, X2, • • • , X^) 7^ over 
the field K with g{vi, V2, - ■ ■ , Vn) ^ 0. 
It is easily seen that we have 

g{vi,V2, • • • = 

if and only if 

g{vi, V2,--- , Vr, ro{vr+i), • • • , ro{vn)) = 

if and only if 

g{ri{vi),Ti{v2), ■ ■ ■ :Ti{Vr),TQ{Vr+l), • ■ ■ ,ToK)) = 0. 

Hence, ctq is well-defined. 

It is seen that K is the invariant subfield of the automorphism (Tq 
of L over K. Hence, K is the invariant subfield of the Galois group 
Gal{L/ K). This proves that L is Galois over K. 

Prove Let L is Galois over K. Fixed any (r, n)— nice basis of L 
over namely vi, i'2, • • • , fn. Set 

Fo = K{vi,V2, ■ ■ ■ ,Vr). 

By Lemma 3.1 it is seen that the field Fq must be invariant under 
the Galois group Gal{L/ Fq). It follows that L is a Galois algebraic 
extension over Fq. Hence, L is separably generated over K. 

Let H he a conjugate of L over Fq. Then H is a conjugation of L 
over K. As L is Galois over Fq, we have H — L; hence, there exists 
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one and only one conjugation of L over K under a (r, n)— nice basis of 
L over K. 
Now let 

run through all possible (r, n)— nice bases of L over K. It is seen that 
there exists one and only one conjugation of L over K. From Lemma 
4.3 it is immediate that L is quasi-galois over K. □ 

5. Key Property of qc Scheme 

In this section we will prove a key property of a qc scheme and then 
give a criterion for such a scheme. By these results, we will obtain an 
essential and sufficient condition for a qc scheme. 

5.1. Key property of a qic scheme. Let X and y be integral schemes 
and let / : X — F be a surjective morphism. We have the following 
key property for qc schemes. 

Lemma 5.1. Let fl be an algebraic closure of the function field k{X). 
Suppose that X is qc over Y by f . Then there is a unique maximal 
affine covering Cx of X with values in VL; moreover, Cx is quasi-galois 
closed over Y by f. 

Proof. From Definition 3. 9 we have an algebraically closed field Q! and 
a reduced affine covering C'x of X with values in Q! such that for any 
conjugate Z ol X over Y the two conditions are satisfied: 

• (X, Ox) and (Z, Oz) are essentially equal if Z has a reduced 
affine covering with values in Vt' . 

• Cz ^C'x holds if Cz is a reduced affine covering of Z with values 
in n'. 

It is clear that Q,' contains the function field k{X) and C'x is maximal 
by set inclusion. 

Prove the uniqueness of C'x- In deed, let C'x be another reduced affine 
covering of X with values in Q! satisfying the two conditions above. 
Then we must have C'x — C'x according to the second condition. 

Prove that C'x is quasi-galois closed over y by /. In fact, take 

• an affine open set in Y\ 

• a (f/„, (/.„; A^) e C'x with C f-\V^); 

• a conjugate A'^ of A^ over 5^, 

where is the canonical image of Cy(V^) in k{X) via /. 

Then there must exist a local chart {U'^, 4>'^; A'^) G C'x such that 
U'^ C (p~^{Va) holds; otherwise, if there is some {U'^, (p'^; A'^) ^ C'x, we 
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will obtain a new reduced affine covering 

of X, which is in contradiction to the uniqueness of C'x- 

It follows that C'x is with values in an algebraic closure Q of the 
function field k{X) from Definition 3.3. □ 

By Lemma 5. 1 we have the following remarks. 

Remark 5.2. Let Cx and VL be assumed as in Definition 3.9. There 
are the following statements. 

• The field Vt can be chosen to be an algebraic closure of the 
function field k{X). 

• The affine covering Cx is quasi-galois closed over y by / and is 
the unique maximal affine covering of X with values in VL. 

Remark 5.3. The affine covering Cx above is the unique maximal 
affine structure of X with values in the algebraic closure VL of k{X). In 
[2], we use affine structures to get the key property as in Lemma 5.1. 

5.2. Criterion for qc schemes. Fixed integral schemes X and Y . 
Let f2 be an algebraically closed closure of the function field k (X). 

Lemma 5.4. Let f : X ^ Y be a surjective morphism of schemes. 
Then X is qc over Y by f if there is a unique maximal reduced affine 
covering Cx of X with values in fl such that Cx is quasi-galois closed 
over Y by f . 

Proof. Assume that X has a unique maximal reduced affine covering 
Cx with values in Q that is quasi-galois closed over Y by /. 

Fixed any conjugate Z of X over Y and any isomorphism a : Z —>■ X 
over Y. Suppose that Z has a reduced affine covering Cz with values 
in O. 

Take a local chart {W, 6, C) E Cz- Put 

U = a{W)- A = OxiU)- C = OziW)- 

We have 

U = SpeciA); W = Spec{Cy, Acn;Ccn. 
It is seen that there exists an affine open subset U' in X such that 

C = Ox{U') 

by the assumption that Cx is quasi-galois closed over Y. As 

U' = Spec{C) = W, 
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we have 

W = a-\U) = U' ex. 

This proves Z C X. 

On the other hand, all such local charts {W, S, C) with Spec{C) = W 
constitute a reduced affine covering C'^ of Z with values in Q that is 
unique, maximal, and quasi-galois closed over Y by f o S. 

In a similar manner, we have X O Z. 

Hence, Z = X. It is seen that (X, Ox) and {Z, Oz) are essentially 
equal. □ 

Lemma 5.5. (c.f. [9]) Let f : X Y be a surjective morphism. Then 
X is qc over Y if there is a unique maximal affine patching Cx of X 
with values in Q satisfying the condition: 

Aa has one and only one conjugate over for any 
{Ua, <pa'i Aa) G Cx and for any affine open set Va in Y 
with Ua ^ f^^{Va), where Ba is the canonical image of 
OY{Va) m k{X). 

Proof. It is immediate from Lemma 5.4- □ 

5.3. Equivalent condition. Now we give an essential and sufficient 
condition for qc schemes. 

Theorem 5.6. Let f : X —>■ Y be a surjective morphism of schemes. 
The following statements are equivalent: 

• The scheme X is qc over Y by f . 

• There is a unique maximal affine covering Cx of X with values 
in Q such that Cx is quasi-galois closed over Y by f . 

• There is a unique maximal affine patching Cx of X with values 
in Q such that Cx is quasi-galois closed over Y by f . 

Proof. It is immediate from Lemmas 5.1,5.4-5 above and Lemma 5.7 
below. □ 

We also need the following lemma to prove the third statement in 
Theorem 5.6. 

Lemma 5.7. Let Z be an integral scheme and let Cx = {{Ua, <pa', ^a)} 
be an affine covering of X with values in Q. Then Cx induces an affine 
patching T>x = {{Ua-,ida'i<ya{Aa))} of X with values in Vt given in a 
natural manner: 

{Ua, (pa, Aa) & Cx ^ {Ua, ida, (ya{Aa)) ^ T^X 

where 
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is a ring isomorphism induced from the homeomorphism 

: Spec{Aa) Ua. 
Proof. It is immediate from Definitions 3.4-5. 



□ 



6. Universal Construction for qc Schemes 

In this section we will give a universal construction for a qc scheme 
over a given integral scheme. That is, we will prove the existence of a 
qc cover of an integral scheme. 

6.1. A preliminary lemma. Let X be an integral scheme that is not 
essentially affine in k{X). By the lemma below we can change X into 
a scheme Z that is essentially affine in k{Z). That is, any integral 
scheme is isomorphic to an essentially affine scheme. 

Lemma 6.1. For any integral scheme X, there is an integral scheme 
Z satisfying the properties: 



• X ^ Z are isomorphic schemes; 

• Z is essentially affine in the field ki^ZyK 

Proof. Let VL = and let ^ be the generic point of X. We have 



Now take an affine covering Cx — {{Ua, <l>a', -^a)}aeA of X- Fixed an 
q; e A. We have ring isomorphisms 



between rings induces an isomorphism 

r« : iSpec{Aa),OspeciAc,)) ^ {Spec{Ba),Ospec{B„)) 

between schemes. 

Then we obtain a new scheme {X, O'x), namely Z, by gluing these 



• k{X)^k (Z) ; 




iu^:Ox{U^)^B^Ck{X). 



The isomorphism 




□ 
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6.2. A universal construction for qc covers. Fixed a field K (not 
necessarily of characteristic zero). Let Y be an integral i^'- variety. 
Suppose that Y is essentially affine in an algebraic closure of M = k{Y). 

Fixed an extension L of M such that L is Galois over M. Note that 
here L is not necessarily finitely generated over M. 

Lemma 6.2. There exists an integral K-variety X and a surjective 
morphism f : X ^ Y such that 

• L = k{X); 

• f is affine; 

• X is qc over Y by f ; 

• X is essentially affine in L°'K 

Proof. (Universal Construction for qc Covers) Here, we repeat 
this construction developed in J4j. We will proceed in several steps. 

Step 1. Take algebraic closures VLm of M and VLl of L, respectively. 
Suppose Qm ^ ^L- 

Let Ai be a transcendental basis of L over M and let A2 be a linear 
basis of L as a vector space over M(Ai). Put 

A = A1IJA2. 

Fixed a reduced affine coverings Cy of Y with values in Qm from 
the assumption that Y is essentially affine in Qm- Suppose that Cy is 
maximal (by set inclusion). 

Step 2. Take a local chart (V, ipv. By) E Cy- It is seen that V is an 
affine open subset of Y and we have 

Fr (Bv) = M; Oy {V) = By (^VLm- 

Define 

Ay 4 By [^y] , 

i.e., the subring of L generated over By by the set 

Ay = {a (w) G L : (T G Gal (L/M) , w G A}. 

Then Fr {Ay) = L holds. It is seen that By is exactly the invariant 
subring of the natural action of the Galois group Gal {L/M) on Ay. 
Set 

iy : By ^ Ay 

to be the inclusion. 

Step 3. Define the disjoint union 

E= Y[ Spec{Ay). 

iV,tpv,Bv)&CY 
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Then E is a topological space, where the topology on S is naturally 
determined by the Zariski topologies on all Spec {Ay) ■ 
Let 

Try : E ^ y 

be the projection. 

Step 4- Given an equivalence relation i?s in S in such a manner: 

For any Xi, X2 G S, we say 

Xi ~ X2 

if and only if 

3x\ 3x2 

holds in L. 

Here, jx denotes the corresponding prime ideal of Ay to a point x G 
Spec{Av) (see |I2]). 
Let 

X = S/ ~ 

and let 

be the projection. 

It is seen that X is a topological space as a quotient of S. 
Step 5. Define a map 

f:X^Y 

by 

(z) I > Try (z) 

for each z G E. 
5tep fi. Define 

Cx = {{Uv,^Pv, ^v)}iv,i}v,Bv)eCY 

where Uy — vr^^ (V) is an open set in X and (fv-Uy-^ Spec{AY) is 
the identity map on Uy for each (V, ipv, By) G Cy. 

Then we have an integral scheme (X, Ox) by gluing the affine schemes 
Spec{Av) for all local charts {V^ipv , By) G Cy with respect to the 
equivalence relation _Rs (see p!2l [T5] ). 

It is seen that Cx is an affine patching on the scheme X with values 
in VIl. 

In particular, Cx is maximal and quasi- galo is closed over F by /. 
By Theorem 5.6 it is seen that X and / have the desired property. 
This completes the proof. □ 
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6.3. Existence of qc covers. Now we give tlie existence of qc covers. 

Theorem 6.3. Fixed an integral K-variety Y and a Galois extension L 
over k(Y). Then there exists an integral K-variety X and a surjective 
morphism f : X —>■ Y such that 

• L = k{X); 

• f IS affine; 

• X is a qc over Y by f ; 

• X is essentially affine in L"'. 

Such an integral i^'- variety X with a morphism /, denoted by (X, /), 
is said to be a qc cover of Y . 

Proof. It is immediate from Lemmas 6.1-2. □ 

Lemma 6.4. Let X , Y and Z he integral K -varieties such that X and 
Z are qc over Y . Then X and Z are essentially equal if k{X) = k{Z) 
and X and Z are isomorphic. 

Proof. It is immediate from Definition 3.9. □ 

Remark 6.5. Let X and Z both be qc over an integral fC-variety Y . 
Suppose k{X) = k{Z). In general, it is not true that X and Z are 
essentially equal. 

7. Main Property of qc Schemes 

Let L/K he a field extension. The integral schemes X/Y are said 
to be a geometric model for the extension L/K if there is a group 
isomorphism Aut (X/Y) = Gal {L/K) (e.g., see [131 [Tg [I9]). 

In this section we will prove that qc schemes afford such a geometric 
model for an extension of a function field. 

7.1. Function fields of qc schemes. The function fields of qc schemes 
are quasi-galois. 

Lemma 7.1. Let X and Y he two integral schemes such that X is qc 
over Y hy a surjective morphism f of finite type. Then the function 
field k (X) is canonically quasi-galois over the function field f{Y). 

Proof. For brevity, assume that H = k{Y) is contained in L = k(X). 
Let M be a conjugation of L over H. 

Fixed an element w & M \ H. There is an element u E L\H and 
an if— isomorphism a : L ^ M such that w = a{u). 

As X is essentially affine in an algebraic closure f2 of L, we must 
have some affine open set U in X such that u is contained in the ring 

A ^ OxiU) C VL 
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where U is contained in f~^{V) for some affine open set V in Y. 

Put B = cr(y4). The ring 5 is a conjugation of A (canonically) over 
the ring Oy{V). By Theorem 5.6 it is seen that B must be contained 
in L and then the element w E B contained in L. Hence, we have 
M C L. 

From Lemma 4-3 it is seen that L is quasi-galois over H. □ 

7.2. qc schemes as geometric models. Let X and Y be two integral 
ii'-varieties and let / : X ^ F be a surjective morphism. 

Lemma 7.2. Suppose that X is qc over Y by f and k (X) is canonically 
Galois over k (Y). Then there is a group isomorphism 

Aut {X/Y) = Gal {k (X) /k (Y)) . 

Proof. In the following we will use the trick developed in [21 [3] to prove 
the second statement above. 
In fact, define a mapping 

t : Aut (X/Y) — > Gal {k (X) /k (F)) 

by 

a = (a, a*) i > t{a) = (a,(T«"^) 

where (a, a^^"*^) is the map of k{X) into k{X) given by 

(f/, /) e Ox{U) C (X) ^ [a (U) , (/)) G OxiaiU)) C k (X) 

for any open set U in X and any element / G Ox{U). Here the function 
field k{X) is taken canonically as the set of elements of the form {U, /). 

It is easily seen that t is well-defined. We will proceed in several 
steps to prove that t is a group isomorphism. 

Step 1. Prove that t is injective. Fixed any a, a' G Aut {X/Y) such 
that t{a) = t {a') . We have 

for any {U, f ) & k (X) . In particular, for any / G Ox{Uo) we have 

(a(t/o),a«-i(/)) = (a'(f/o),a'«-i(/)) 

where Uq is an affine open subset of X such that a (f/o) and a' (f/o) are 
both contained in a {U) fl a' {U). 
It is seen that 

(^\uo = 0-'\uo 

holds as isomorphisms of schemes. As f/o is dense in X, we have 
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on the whole of X; then 

aiU) = a'iU); 

hence, 



This proves that t is an injection. 

Step 2. Prove that t is surjective. Fixed any element p of the group 

Gal{k{X) /k(Y)). 

As k{X) = {{Uf, f): f e OxiUf) and f// C X is open}, we have 

p : (t//, /) e /c (X) ^ (f/,(^) , p (/)) G A: (X) , 

where Uf and f/p(/) are open sets in X, / is contained in Ox{Uf), and 
p{f) is contained in Ox(^p(/))- 

It is seen that each element of Gal{k{X) /k{Y)) gives a unique 
element of Aut{X/Y). 

In fact, fixed any affine open set V oiY . It is easily seen that for each 
affine open set U C there is an affine open set Up in X such that 

p determines an isomorphism Xjj between affine schemes ([/, Ox\u) and 
{Up,Ox\u,)- Then 

^u\ur\U' — ^U'\unu' 
holds as morphisms of schemes for any affine open sets f/, U' C 

Glue Xjj along all such affine open subsets U C where V 

runs through all affine open sets in Y . Then we have an automorphism 
A of the scheme X such that Aj;/ = Af/ for any affine open set U m. X. 

It is clear that t (A) = p. Hence, i is a surjection. 

This completes the proof. □ 

Lemma 7.3. Suppose that X is qc over Y by f and k (X) is canonically 
Galois over k {Y) . Then f is an affine morphism and there is a natural 
isomorphism 

where {Ox)'^^^^'^^^\U) denotes the invariant subring of Ox{U) under 
the natural action of Aut (X/Y) for any open subset U of X. 

Proof. Let Q be an algebraic closure of the function field A;(X). By 
Lemma 6.1 assume that Y is essentially affine in Vt without loss of 
generality. In particular, suppose k{Y) C k{X) for brevity. 
It is clear that X is essentially affine in Vt. Put 

G = Aut (X/Y). 

Fixed a point x e X and an affine open set U in X with x G U. 
Then there must be 

OxiUf^OriV) 
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for an affine open set VinY such that f{x) G V and U C f^^{V). 
Otherwise, if there is some 

weOxiuf\OY{V), 

we have 

w^k(Y), w-^ e k(Y) 

or 

w e k(Y), w'^ ^k(Y). 

If w e k{Y) and ^ k{Y), it is seen that w k(Y) holds since 
we have 

a{w ■ w"^) — a{'w) ■ a{'w~^) — 1 

for any a ^ G. 

Hence, for both cases we will have w ^ k{Y), which will be in con- 
tradiction to the fact that 

k{Xf = k{Y) 

holds by Lemma 7.2. 

Now consider any open set U in X. We have 

OxiUf^OriV) 

for an open set F in y such that U C f~^{V) since Ox{U) can be 
regarded as a subring of Ox{Uo) for an affine open set Uq C U. This 
prove that 

Or = {Oxf 

holds. 

Conversely, take any affine open set V of Y. As / is surjective, it is 
seen that there is an affine open U C f~^{V) of X such that 

OxiUf D Oy{V). 

Repeating the same procedure above, we can choose U to be such that 

Ox{Uf = Oy{V). 

It follows that 

holds. This proves that / is affine. □ 
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7.3. Main property of qc schemes. The qc schemes behave hke 
quasi-galois extensions of fields. 

Theorem 7.4. Let X and Y be two algebraic K-varieties such that 
k{X) is separably generated over k(Y) canonically. Suppose that X is 
qc overY by a surjective morphism f of finite type. Then there are the 
following statements: 

• f is affine. 

• k {X) is Galois over k{Y) canonically. 

• There is a group isomorphism 

Aut {X/Y) ^ Gal{k (X) /k{Y)). 

In particular, let dimX = dimy. Then X is a pseudo-galois cover 
of Y in the sense of Suslin- Voevodsky. 

Proof. It is immediate from Theorem 4-i and Lemmas 7.1-3. □ 
Here for pseudo-galois cover, see [HI [19] for definition and property. 

8. sjo- Completion 

By the graph functor, there is an s]9-completion of a given integral 
scheme, which is an integral scheme of the same length but have the 
maximal combinatorial graph. 

The sj)-completion can give a type of completions of rational maps 
between schemes. 

In the present paper, the sj>-completion will be applied to definitions 
of formally unramified extension of fields in §P and of monodromy 
actions of automorphism groups in ^12. 

8.1. The graph functor F from schemes to graphs. For conve- 
nience, in this subsection we will review the graph functor developed 
in [H [9]. See [H [9] for proofs of the results listed below. 

Let X be a scheme. Take any points x,y in X. 

If y is in the (topological) closure {x}, y is a specialization of x 
(or, X is a generalization of y) in X, denoted hj x ^ y. 

Put Sp (x) = {y & X \ X y} . Then Sp (x) = {x} is an irreducible 
closed subset in X. 

If X — > y and y — > X both hold in X, y is a. generic specialization 
of X in X, denoted hj x ^ y. 

X is said to be generic (or initial) in X if we must have x ^ z for 
any z & X such that z ^ x. 

X is said to be closed (or final) if we must have x ^ z for any z E X 
such that X ^ z. 

We have the following preliminary facts for specializations. 
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Lemma 8.1. ([HE]) For any points x,y E X , we have x ^ y in X if 
and only if x = y. 

Lemma 8.2. ([Il[9]) Fixed any specialization x y in X . Then there 
is an affine open subset U of X such that the two points x and y are 
both contained in U. In particular, any affine open set in X containing 
(the specialization) y must contain (the generalization) x. 

Lemma 8.3. ([HIS]) Any morphism between schemes is specialization- 
preserving. That is, fixed any morphism f : X Y between schemes. 
Then there is a specialization f (x) — > / (y) in Y for any specialization 
X ^ y in X . 

Let's recall preliminary definitions on combinatorial graphs (see |20j). 
Fixed a graph G. Let V{G) be the set of vertices in G and E{G) the 
set of edges in G. 

A graph if is a subgraph of G, denoted by C G, provided that 
V{G) 3 V{H), E{G) D E{H), and every L e E{H) has the same ends 
in H as in G. 

Now we obtain the graph functor F from Lemmas 8.1-3. 

Lemma 8.4. (Graph Functor [HE]) There exists a covariant functor 
V, called the graph functor, from the category Sch of schemes to the 
category Grph of combinatorial graphs, given in such a natural manner: 

• For a scheme X , F(X) is the graph in which the vertex set is 
the set of points in the underlying space X and the edge set is 
the set of specializations in X . Here, for any points x,y & X, 
we say that there is an edge from x to y if and only if there is 
a specialization x —>■ y in X . 

• For a morphism f : X ^ Y of schemes, F(/) : F(X) — > T{Y) 
is the homomorphism between graphs. Here, any specialization 
X ^ y in the scheme X as an edge in T{X), is mapped by F(/) 
into the specialization f{x) f{y) as an edge in T{Y). 

8.2. sp-completion. Let G and H be combinatorial graphs. Recall 
that an isomorphism t from G onto H is a. ordered pair {tv,tE) sat- 
isfying the conditions: 

• is a bijection from V{G) onto V{H); 

• tE is a. bijection from E{G) onto E[H); 

• Let X e V{G) and L G E{G). Then x is incident with L if and 
only if tv{x) E V{H) is incident with tE{L) e E{H). 

The following definition says that the graph of a given integral scheme 
is maximal relative to its function field. 



26 



FENG- WEN AN 



Definition 8.5. An integral scheme X is said to be sp-complete if 

X must be essentially equal to Y for any integral scheme Y such that 

• r(X) is isomorphic to a subgraph of T(Y); 

• k{Y) is contained in a separable closure of k{X). 

Remark 8.6. The function field of an sp-complete integral scheme 
must be a separable closure. In other words, there is no other separably 
closed points that can be added to an sp-complete integral scheme. 

Now we give the existence of the sp-completion of an integral scheme. 

Theorem 8.7. For any integral scheme X , there is an integral scheme 
Xsp and a surjective morphism Xx '■ Xgp X satisfying the following 
properties: 

• Xx is affine; 

• Xgp is sp- complete; 

• Xsp is essentially affine in fc(X)'^'; 

• k{Xsp) is a separable closure ofk{X); 

• Xsp is quasi-galois closed over X by Xx- 

Such a scheme Xsp with a morphism Ax, denoted by (X^p, Ax), is 
said to be an sp-completion of X. We will denote by >S'p[X] the set 
of all s2)-completions of an integral scheme X. 

Proof. (Universal Construction for sp-Completion) Here repeat 
the construction developed in [9]. 

Let K = k {X) and L = K^^^^. Fixed a transcendental basis Ai of L 
over K and a linear basis A2 of L as a vector space over K{Ai). Put 

G = Gal {L/K) ; A = Ai y A2. 

By Lemma 6.1, without loss of generality, assume that X has a 
reduced affine covering Cx with values in L. We choose Cx to be 
maximal (by set inclusion). 

We proceed in several steps such as the following to give the con- 
struction: 

• Fixed a local chart {V,ipv,Bv) G Cx- Define Ay = By [Ay], 
where Ay = {cr (x) G L : a G G, x G A}. Set iy '- By — > Ay to 
be the inclusion. 

• Let 

S= W Spec {Ay) 

{V,i,v,Bv)&Cx 

be the disjoint union. Denote by vrx : S — X the projection 
induced by the inclusions iy. 

• Given an equivalence relation R-^ in E in such a manner: 
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For any xi,X2 G T,, we say xi ~ X2 if and only 
'if 3x1 — 3x2 holds in L. Here denotes the 
corresponding prime ideal of Ay to a point x e 
Spec {Ay). 

Let Xgp be the quotient space S/ ~ and let vr^p : S — Xsp be 
the projection of spaces. 

• Set a map Ax : X^^p X oi topological spaces by Tr^p {z) i — > 
Tlx (z) for each 2; e E. 

• Suppose 

Cxsp = {{UvjI^v, ^v)}(v,',pv,Bv)eCx■ 
B.eTe Uy = T^x^ (y) and ^py : Uy ^ Spec{Ay) is the identity 
map for each (V, ipy, By) G Cx- 

• There is a scheme, namely Xgp, by gluing the affine schemes 
Spec (Ay) for all {Uy, (py, Ay) e Cx with respect to the equiv- 
alence relation R^. Naturally, Ax becomes a morphism of 
schemes. 

It is seen that Xsp and Ax are the desired scheme and morphism, 

respectively. □ 

There is the uniqueness of sp-completions such as the following. 

Lemma 8.8. Fixed any integral K -varieties X. Then all sp-completions 

of X are essentially equal. 

Proof. It is seen from Definition 8. 5, Remark 8. 6, and Theorem 8. 7. □ 

Lemma 8.9. Fixed any two integral K -varieties X and Y . Suppose 
that k{X) and k{Y) have the same separable closure. Then either 

Sp[X] = Sp[Y] 

or 

Sp[X]f]Sp[Y]=^ 

holds. 

Proof. It is immediate from Lemma 8.8. □ 

Remcirk 8.10. An sp-completion of an integral scheme is s|?-complete. 
By sj»-completion we can give a completion of rational maps between 
integral schemes. 

Remark 8.11. An integral scheme X and its sj>-completion Xgp have 
the same dimension. However, the sp-completion is very complicated 
and exotic. In general, it is not true that Xgp is of finite type over X. 
For example, let i be a variable over Q. It is seen that Spec{Q) and 
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Spec{Q{t)) are 5|)-completions of 5'pec(Q) and Spec{Q{t)), respectively. 
Their underlying spaces are very different. 

Remark 8.12. By Theorem 8.7 it is seen that an s|)-completion of an 
integral scheme behaves hke a separable closure of a field. 

9. Unramified Extensions of Function Fields 

In this section we will use sj»-complete schemes to introduce a notion 
of formally unramified extensions over function fields and then give 
several preliminary properties. The formally unramified extensions will 
be applied to the computation of etale fundamental groups. 

9.1. Basic lemma. Fixed a field K. We have the following basic 
result. 

Lemma 9.1. Let X and Y be two integral K -varieties satisfying the 
two conditions: 

• Sp[X] = Sp[Y] are equal sets. 

• Aut{Xsp/X) = Aut(Ysp/Y) are isomorphic groups. 

Then X and Y are isomorphic schemes. 

Proof. Fixed any s|j-completions {Xsp, Xx) of X and {Ygp, Ay) of Y, 
respectively. As <S'p[X] = -S'pfy], we have an isomorphism 

t . Xgp > Ygp. 

Let 

a : Aut{Xsp/X) Aut{Ysp/Y) 

be an isomorphism between groups. 

Take any point xq G X. From Lemmas 7.2-3 we have 

Ax ('^o) = {gixo) eXsp-.ge Aat{Xsp/X)}; 

Xy'itixo)) = {h{t{xo)) e Ysp : h e AutiYsp/Y)}. 
It follows that there exists a morphism fsp : Xgp —>■ Ygp given by 

g{xo) ^ a{g){t{xo)). 
From fsp we obtain a morphism f : X ^Y given by 
xo = Xx{g{xo)) ^ XY{cr{g){t{xo))) 
satisfying the property 

/ o Ax = Ay o fsp. 

It is easily seen that fsp : Xsp — > Ysp is an isomorphism. Hence, 
/ : X — > y is an isomorphism. □ 
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9.2. Formally unramified extensions. Fixed an integral i^-variety 
X over a field K. Let Li and L2 be two algebraic extensions over the 
function field k{X), respectively. 

Definition 9.2. L2 is said to be a finite X-formally unramified 
Galois extension over Li if there are two integral K-varieties Xi and 
X2 and a surjective morphism / : X2 — >■ Xi such that 

. Sp[X] = Sp[X,] = Sp[X2]; 

• k{X,)=Luk{X2) = L2; 

• X2 is a finite etale Galois cover of Xi by /. 

In such a case, X2/X1 are said to be a X-geometric model of the 
field extension L2/L1. 

Remark 9.3. It is seen that such geometric models are unique up to 
isomorphisms. It follows that the formally unramified extension above 
is well-defined. In fact, fixed any two geometric models X2/X1 and 
Y2/Y1 for the extension L2/L1, respectively. By Lemma 9.1 we must 
have isomorphisms X2 = Y2 and Xi = Yi, respectively. This is due to 
the preliminary fact that we have 

Aut{XjX,) = Gal{k{Xy'P / U) = Aut{X,jY,) 

for z = 1, 2. 

Remark 9.4. Suppose that and L2/L1 both are X-formally 

unramified extensions. Then L3/L1 must be X- formally unramified. 

Remark 9.5. Note that even for the case that Li and L2 are both 
algebraic extensions of K, in general, the formally unramified defined 
in Definition 9.2 does not coincide with unramified that is defined in 
algebraic number theory. 

Remark 9.6. Note that we define another unramified extensions in 
[5l [6l [9] for arithmetic schemes, which is a generalization of unramified 
extensions in algebraic number theory and hence is different from the 
above one defined in Definition 9.2. 

Definition 9.7. Let X be an integral i^'- variety over a field K. Set 

A;(X)"" = the smallest field containing all finite X-formally 
unramified subextensions over L contained in L'^K 

The field fc(X)"" is said to be the maximal formally unramified 
extension of the function field k{X). 

Lemma 9.8. Let X he an integral K-variety and let L C k{KY'^ 
he a finite Galois extension of k{X). Then there are the following 
statements. 
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(i) k{Xy'^ is an algebraic Galois extension of k{X). In particular, 
kixy^ is a subfield ofk(Xy^P. 

(ii) There is a finite X-formally unramified Galois extension M of 
k{X) such that M ^ L. 

{Hi) Let M be a finite X-formally unramified Galois extension of 
k{X) such that M D L. Then so is M over L. 

(iv) L is a finite X-formally unramified Galois extension of k{X). 

Proof, (i) It is immediate from preliminary facts on field theory. 
{ii) It is clear from the assumption that L C k{K)"-'^ holds. 

(iii) Take a geometric model Xm/X for the extension M/k{X). It 
reduces to the case that Xm and X are both affine schemes. 

Suppose 

X = Spec{Ko), Ko = K[ti, is, • • • , Q; 
L = Fr(Lo), Lo = K[ti,t2, ■ • • ,tn, si, S2, • • • , si]; 
Xm = Spec{Mo), Mq = K[ti,t2, ■ ■ ■ ,tn, Si, ^2, • • • , si, si+i, ■■■ , s^]. 
Here, the elements 

^1; ^2, ■ ■ ■ ; tn, Si, S2, • • • , Sl, S^+i, ■ ■ ■ , 

are all contained in and 
and 

Sl, S2) ■ ■ ■ 5 Sl, S/+1, ■ ■ ■ , Sm 

are both supposed to contain all conjugates over the field k{X). 

It is easily seen that Xm is a finite etale Galois cover of Spec{Lo) 
from base change of etale morphisms. 

(iv) It reduces to consider affine schemes. Take Kq,Lq, Mq as in {Hi) 
above. 

Let ^ be a maximal ideal of Mq. Just check what one has done in 
algebraic number theory. Put 

Then p is a maximal ideal of Kq. 

Conversely, let p be a maximal ideal of Kq. From definition for etale 
morphisms, we have one and only one maximal ideal ^ of Mq that is 
over the maximal ideal p. 

Likewise, there is one and only one maximal ideal of Lq such that 
<P|^o and <Po|p hold. 

It follows that Spec{LQ) must be unramified over X and hence etale 
over X. This completes the proof. □ 
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9.3. Arithmetic unramified extension. There is another type of 
unramified extensions, the arithmetic unramified extensions over the 
ring Ox of algebraic integers of a number field K. 

Convention. In this subsection, an integral Z-variety is defined 
to be an integral scheme surjectively over Spec{'L)\ an arithmetic 
vairiety is an integral scheme surjectively over Spec{'L) of finite type. 

Likewise, we have the following basic lemma. 

Lemma 9.9. Let X and Y he two integral 'Z-varieties satisfying the 
two conditions: 

• Sp[X] = Sp[Y] are equal sets. 

• Aut{Xsp/X) = Aut{Ysp/Y) are isomorphic groups. 

Then X and Y are isomorphic schemes. 

Fixed an integral Z-variety X over a field K. Let Li and L2 be two 
algebraic extensions over the function field k{X), respectively. 

Definition 9.10. The field L2 is said to be a finite X-unramified 
Galois extension over Li if there are two integral Z-varieties Xi and 
X2 and a surjective morphism f : X2 ^ Xi such that 

. Sp[X] = Sp[X,] = Sp[X2]; 

• k{X,)=L,,k{X2) = L2; 

• X2 is a finite ctale Galois cover of Xi by /. 

In such a case, X2/X1 are said to be a X-geometric model of the 
field extension L2/L1. 

Remark 9.11. Let ^1 C L2 C L3 be function fields over a number 
field K. Suppose that L2/L1 and L3/L2 are X-unramified extensions. 
Then L3 is X-unramified over Li. 

Definition 9.12. Let X be an integral Z-variety. Set 

/c(X)"" = the smallest field containing all finite X-unramified 

subextensions over L contained in L°-K 

The field A;(X)"" is said to be the mcLximal unramified extension 

of the function field k{X). 

Lemma 9.13. Let X be an integral Z-variety and let L C k{KY''^ 
he a finite Galois extension of k{X). Then there are the following 
statements. 

(i) A;(X)""' is an algehraic Galois extension ofk{X). 
{it) There is a finite X-unramified Galois eoctension M of k{X) such 
that M^L. 

{Hi) Let M he a finite X-unramified Galois extension of k{X) such 
that M D L. Then so is M over L. 
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[iv) L is a finite X-unramified Galois extension of k{X). 

Proof. Repeat what we have done in proving Lemma 9.8. □ 

Remark 9.14. It is seen that for the case of an algebraic extension, 
the unramified extension defined in Definition 9.12 coincides exactly 
with that in algebraic number theory. 

It appears that unramified extensions for an arithmetic variety and 
for an algebraic i^-variety have some common properties. However, 
they are very different. For example, we have 

k{Spec{Z)) = Q""; k{Spec{Q)) = Q'^^ - Q. 

In particular, for arithmetic varieties, we have a stronger result such 
as the following. 

Theorem 9.15. Let X and Y be two arithmetic varieties such that 
k{X) = k{Y). Then Sp[X] = Sp[Y] holds, i.e., X and Y have the 
same sp- completions; moreover, X and Y are isomorphic. 

Proof. By Lemma 9. 9 it suffices to prove that X and Y have a common 
s|?-completion. Fixed any sj)-completions {Xsp. \x) of X and (l^p. Ay) 
of y , respectively. It reduces to prove that Xsp and Ysp are isomorphic. 

In the following we will proceed in several steps to prove that there 
exists an isomorphism 

fsp ■ -^sp ^ ^sp- 

step 1. We have Q = k{XY^ = kiYfK As Xsp and Ysp are both qc 
over SpecCZ), it is seen that for any affine open set U in X there must 
be an affine open set VinY such that 

fu-.U^V 

is an isomorphism of schemes which is induced from an isomorphism 

au : Oy(V) ^ Ox(U) 

between subrings of Q. 

By the universal construction in §5.^, we have a morphism 

fsp ■ -^sp ^ ^sp 

such that there is the restriction 

to each affine open set U in X. 

Step 2. By Theorems 5.6,8.7., assume that au is an identity map 
without loss of generality. It is seen that fsp is an injective morphism. 
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Step 3. Take any closed point yo in Ysp. Let B{yo) C f2 be a subring 
such that the affine open set V{yo) = Spec{B{yo)) in Y containing the 
point I/O- Denote by jy^ the prime ideal in -B(?/o) corresponding to yo. 

By Theorem 5.6 it is seen that B{yQ) is a ring over Z generated by 
the set 

where ti, - ■ ■ ,tn are variables over Q, dimX = n, and 

A = Q(tl,--- ,tn)\Z. 

This is due to the fact that Ysp is qc over Spec{Z). 

It is seen that such a prime ideal j^g contains a unique prime ^ G 
over a prime p G N, where Ok is the ring of the algebraic integers of a 
number field K and jy^ is a maximal ideal of the ring -B(?/o) generated 
by a set Asp containing the subset 

m\j{t,,--- ,t^} 

of A. 

As Xsp is gc over Spec{Z), we have a point Xq G X such that 

Jxo = Jyo ■ 

Then we have fsp{xo) = yo- 

This completes the proof. □ 

Remark 9.16. By Theorem 9.15 it is seen that unramified extension, 
the notion for arithmetic varieties given in El E], as in Definition 
9.12, are well-defined. 

10. Algebraic Fundamental Groups 

In this section we will give the computation of algebraic fundamental 
groups. 

10.1. A universal cover for an etale fundamental group. For an 

integral 7^- variety X, let denote the maximal formally unram- 

ified extension of the function field k{X). 

Lemma 10.1. For any integral K-variety X , there exists an integral 
K-variety Xet and a surjective morphism px '■ X^t — > X satisfying the 
properties: 

• Px is affine; 

. k (X,,) = kiXr; 

• Xet is qc over X hypx; 

• k [Xet) is Galois over k (X) ; 

• Xet is essentially affine in A;(X)°". 
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Such an integral i^- variety Xgt with a morphism px, denoted by 
(XeuPx): is called a universal cover over X for the etale fundamental 
group 7rf (X) . 

Proof. (Universal Construction for the Cover) By Lemma 6.1, 
without loss of generality, assume that X has a reduced affine covering 
Cx with values in k{XYK Let Cx be maximal by set inclusion. 
We will proceed in several steps: 

• Fixed a set A of generators of the field k{XY^ over k{X). 

• For any local chart (y,ipv,Bv) G Cx, define Ay = By [Ay], 
that is, Ay over By generated by the set 

Ay = {a{x) e A;(X)"" : a e Gal{k{Xf''/k{X)),x e A}. 

Let iy : By — > Ay be the inclusion. 

• Assume that 

E = ]J Spec (Ay) 

{V,iPv,Bv)eCx 

is the disjoint union. Let ttx : S — > X be the projection induced 

by the inclusions iy. 

• Define an equivalence relation Ry. in S in such a manner: 

For any Xi,X2 G S, we say Xi ~ X2 if and only 
'if 3x1 — 3x2 holds in L, where denotes the 
corresponding prime ideal of Ay to a point x in 
Spec (Ay). 

Let Xet be the quotient space S/ ~ and let VTet : S — > Xgt be 
the projection of spaces. 

• Set a map px '■ Xg^ — > X of spaces by TTet (z) 1 — > ttx (z) for 
each z eT,. 

• Suppose 

Cxet = {{Uv:<PV:Ay)}(^v^-^y^Bv)eCx- 

Here Uy — tt^^ (V) and (py : Uy ^ Spec{Ay) is the identity 
map for each (V, V'y , By) e Cx- 

• There is a scheme, namely X^t, obtained by gluing the affine 
schemes Spec (Ay) for all {Uy,Lpy,Ay) G Cx with respect to 
the equivalence relation R-^. Naturally, px becomes a morphism 
of schemes. 



It is seen that X^t and px satisfy the properties. This completes the 
proof. □ 
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10.2. A computation of etale fundamental groups. By Lemma 
10.1 we have the following result. 

Theorem 10.2. For any integral K-variety X , there exists a group 
isomorphism 

Trf (X) ^ Gal (A;(X)"7A; (X)) . 

Proof. Assume that X has a reduced a reduced afhne covering Cx with 
values in k{XY^ without loss of generahty. 

Let A C A:(X)"" \ k {X) be a set of generators of the field 
over k{X). Put 

/ = {finite subsets of A}. 

We will proceed in several steps to give the proof. 

Step 1. Fixed any a in I. Repeating the universal construction in 
^10.1 for a, i.e., replacing A by a, we have an integral X-variety X^. 
and a surjective morphism : X^ — > X satisfying the properties: 

• fa is affine; 

• k{Xa) C A;(X)""; 

• Xa is qc over X by /a; 

• k {Xa) is Galois over k [X); 

• Xa is essentially afiine in k{X)"'^. 

Step 2. Let a C be in 7. By Step 1 we have integral X-varieties 
Xa and which are qc over X, respectively. There is a surjective 
morphism : Xp — > X^ satisfying the properties: 

• is affine; 

• f(3 = fao fi; 

• X/3 is qc over X^ by 

• k (Xp) is Galois over k (Xa). 

Here f^ is obtained in a canonical manner similar to fa- 
It is clear that there is a 7 in / such that 7^0; and 7^/5. Hence, 
we have an integral A'- variety X^ that is qc over Xp and over Xa, 
respectively. 

Step 3. For any a, (3 in /, we say a < /3 if and only if a C /3. Then 
/ is a partially ordered set. 

Hence, {k (Xa) ;ia}aei is a direct system of groups, where each 

if : k (Xa) ^ k (Xp) 

is a homomorphism of fields canonically induced by f^. 

Let (Aet,px) be a universal cover for 7rf (A). For the fields, we have 

k{X,t)^k{Xr^\im k{Xa). 

— >ae7 
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For the Galois groups, we have 

Gal {k (Xet) /k {X)) = hm Gal {k /k (X)) . 

< — ael 

Step 4- Let 

[XU = {X^:ae I}. 
Then [X]au is a directed set. Here for any Xa,Xj3 e [X]aw, we say 

< Xp 

if and only if Xp is qc over X^. 

Fixed a geometric point s of X over k{X)"'K Put 

[X]et = {finite etale Galois covers of X over s}. 

Then [X] et is a directed set. Here for any Xi,X2 G [X]et, we say 

Xi<X2 

if and only if X2 is a finite etale Galois cover over Xi. 
Step 5. Fixed any G [X]„„. 

It is seen that X^ and Xp both are finite etale Galois covers of X by 
Lemma 9.8. 

Let be qc over Xq,. Then Xp is a etale finite Galois cover of X^ 
from Lemma 9.8 again. 

Hence, [X]au is a directed subset of [X]et. 

Let Z e [X]et. We have k{Z) C k (X)"" . It is seen that 
k (Z) is a finite unramified Galois extension of k (X). 

Let a C k (Z) \ k (X) be a set of generators of the field k (Z) over 
k (X) . As a e / is finite and A is infinite, there is a finite set /3 e / 
such that 

q; C /3 C A. 

We have 

Xf3 e [X]a„ 

such that Xp is gc over Z. 

Hence, [X]au is a co-final directed subset in X^t. 
Step 7. Now by Steps 1-6 above we have 

< (X) 

= \\m.^ze{x],Aut {Z/X) 
^\iuv^z^[xuAut{Z/X) 
^\im^z^y^^^Gal{k{Z)/k{X)) 
= Xim^^^iGal {k (X„) /k (X)) 
^GaZ (A; (Xet) lk{X)) 
^Gal {k {Xy^'/k (X)). 

This completes the proof. □ 
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Remark 10.3. Let X be an integral i^-variety. From Theorem 10.2 
we have 

vrf (Xe,) = {0}. 

For example, let X = Spec{<Q). We have X^t = Spec{Q) and hence 

vrf (SpeciQ)) - {0}. 

10.3. A prior estimate of the etale fundamental group. In this 
subsection we will introduce the qc fundamental group of an algebraic 
variety. We will prove that the etale fundamental group is a normal 
subgroup of the qc fundamental group. 

Fixed an algebraic ii"-variety X. Let Q be the separable closure of a 
separably generated extension of the function field k (X). 

Define 

[X; fl]qc 

to be the set of algebraic i^-varieties Z satisfying the conditions: 

• k{Z) is contained in Q; 

• There is a surjective morphism f : Z ^ X of finite type such 
that Z is qc over X. 

In [7], we require such an additional condition that 
Z has a reduced affine covering with values in Vt. 
However, from Lemma 6.1 it is seen that there is no essential difference 
between the two conditions. 

There are preliminary facts on the set [X; fij^c such as the following. 

Lemma 10.4. For any Zi, Z2 G [X; VL\qc, there is a third Z^ G [X; f2]qc 
such that Zs is qc over Z\ and Z2, respectively. 

Lemma 10.5. Let Zi, Z^, ^3 G [X; Suppose that Z2 is qc over Zi 
and Z3 is qc over Z2. Then Z^ is qc over Z\. 

Here, Lemmas 10.4-5 above can be proved in a manner similar to 
what we have done for the proof of Theorem 10.2. 

Set a partial order < in the set [X; in such a manner: 

For any Zi, Z2 G [X; VL]qc, we say 

Zi < Z2 

if and only if there is a surjective morphism : Z2 Zi 
of finite type such that Z2 is qc over Z\ . 
By Lemmas 10.4-5 it is seen that [X; Q]gc is a directed set and 
{Aut{Z/X) : Z e[X;n]q,} 

is an inverse system of groups. 

Now we introduce the following definition. 
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Definition 10.6. Let X be an algebraic i^T-variety. Suppose that VL is 
the separable closure of a separably generated extension of k {X) . The 
inverse limit 

Trf ^lim Aut{Z/X) 

< — ze[X;n]qc 

of the inverse system {Aut {Z/X) : Z E [X; H]qc} of groups is said to 
be the qc fundamental group of X with coefficients in Q. 

We have the following result on the qc fundamental group, which 
will be prove in %10.5. 

Theorem 10.7. Let X he an algebraic K-variety. Suppose that Q is 
the separable closure of a separably generated extension ofk{X). There 

are the following statements. 

(i) There is a group isomorphism 

7rf ^Gal {Q/k {X)) . 

(ii) There is a group isomorphism 



Trf (X;s)-7rr(X;Q) 



et 



for a geometric point s of X over ft, where 7rf^{X;ft)^^ is a normal 
subgroup of 7rf^ {X; ft) . 

Remcirk 10.8. Let X be an algebraic variety. Define 

vrf (X) ^ vrf (X; kiXY'') . 
It is seen that there is a group isomorphism 

7rf {X)^Gal {k{Xy'P/k (X)) . 

Remcirk 10.9. Let X be an algebraic variety. The quotient group 

7rr(X;^(Xr) 

TTi (X) - 



7:r{X;k{X)-\^ 

is said to be the ramified group (or branched group) of X. By 

Lemma 9.8 it is seen that /c(X)*^^ is a Galois extension of /i;(X)""; 
from Theorems 10.2,10.7 we have 

^ Gamxy^^/k{X)) 
^ ^ ' Gal{k{X)-^/k{X))' 

The ramified group (X) reflects the topological properties of the 
scheme X such as the branched covers. In deed, such ramified groups 
will play an important role in giving the anabelian functors in the 
present paper. 
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10.4. A universal cover for the qc fundamental group. Let X 

be an algebraic variety. Suppose that Q is the separable closure of 
a separably generated extension of the function field k {X). 

Assume that X has a reduced affine covering with values in il"^ 
without loss of generality. Let 

G^Gal {Q/k (A)) 

and let 

Acn\k{X) 

be a set of generators of fl over k (A) . By Theorem 4-1 it is seen that 
fl is Galois over A; (A). 

Repeating the universal construction for etale fundamental group in 
^10.1, we have an integral variety Aq and a morphism fci such as in 
the following lemma. 

Lemma 10.10. There is an integral K -variety Xci and a surjective 
morphism /n : Aq — > A satisfying the conditions: 

• k (Xn) = n; 

• fn is affine; 

• Xq is qc over X by /a; 

• k (Aq) is Galois over k (A) ; 

• An is essentially affine in 

Such an integral variety Aq with a morphism /q, denoted by 
(Af2, /n), is said to be a universal cover over A for the qc fundamental 
group group Trf^ (A; O). 

10.5. Proof of Theorem 10.7. Now we can prove the main result 
above on the qc fundamental group in ^10.4- 

Proof. (Proof of Theorem 10.7) We will proceed in several steps. 
Step 1. By Theorem 7.4 we have 

Gal{n/k{X)) 

= lim^ze[X;a],.Ga/(A:(Z)A(A)) 
^lim^ze[X;n],e^«t {Z/X) 
= vrf {X; n) 

according to preliminary facts on Galois groups. 

Step 2. Fixed a geometric point s of A over fl. Let [A; s]et be the 
set of finite etale Galois covers of A over the geometric point s. For 
any Zi,Z2 e[X; s]et we say 



Zi < Z2 
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if and only if Z2 is a finite etale Galois cover of Z\. Then [X; s]et is a 
partially ordered set. Put 

Let Z\.Z2 G [X; s\qc- It is easily seen that Z2 is a finite etale Galois 

cover of Z\ if and only if Z2 is qc over Zi . 

It follows that \X\ s\qc is a co-final directed subset in \X\ s\et- 

Step 3. Now consider the universal covers Xq and X^t of X for the 

groups Trf^lX; fl) and iTf{X; s), respectively. From Step 7 in § if. ^ we 

have 

Gal {k{X,t)/k{X)) 
^\im^ze[X;suGal{k{Z) /k{X)) 

By Step 2 we have 

Ga/(A;(Xet)/A;(X)) 
^YiT^^z^^X;suGal{k{Z) /k{X)) 
^\iv^^z^^X;suGal{k{Z) /k{X)) 

since [X; s]gc is co-final in [X; s\et- 
On the other hand, we have 

k{Xn) = hm k{Z) 

and 

k{X^t) = lim k{Z) = lim 

>Ze[X;sU >Z&[X;s]^c 

as direct limits of direct systems of groups for the function fields. 
It is seen that 

lim k{Z) 

is an extension of the field 

lim k{Z). 

'Z&[X;s]qc 

It follows that 

k{xr^ = k{x,t) 

is a subfield of 

ft^k{Xn). 

Then we have a tower of Galois extensions of function fields 

k{X) C A;(X)"" c n 

from Lemma 10.1. 
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It is seen that nf {X; s) is isomorphic to the normal subgroup 

GalikiXy^/kiX)) 

of the group Gal {Q/k {X)). Hence, 7cf (X; s) is isomorphic to a normal 
subgroup of nf^ {X; fl) since by Step 1 we have 

Gal {yL/k{X)) = Tcf {X;Q) . 

This completes the proof. □ 

11. MoNODROMY Actions 

Naturally there exist three types of monodromy actions for a given 
integral i^- variety, as we have done for arithmetic varieties in [9]: 

• Monodromy action of etale fundamental group on the universal 
cover; 

• Monodromy action of absolute Galois group on the sp-completion; 

• Monodromy action of ramified group on the sj>-completion. 

11.1. Monodromy actions of etale fundamental groups. From 
Lemma 10.1 and Theorem 10.2 it is seen there is the below preliminary 
fact on the etale fundamental group of an integral variety. 

Lemma 11.1. For an integral K -variety X, there is an isomorphism 

Aut (Xet/X) ^Trf (X) 

between groups, where {Xet,Px) is a universal cover of X for the etale 
fundamental group vrf (X). 

Now let X and Y be two integral i^-varieties. Suppose that {Xet,px) 
and {YetjPy) are universal covers of X and Y for the etale fundamental 
groups vrf (X) and 7if(Y), respectively. 

By Lemma 11.1 it is seen that each group homomorphism 

a : vrf (X) ^ Trf (F) . 

gives a group homomorphism, namely 

a : Aut (Xet/X) ^ Aut (Y.t/Y) . 

The converse is true. 

Here is the monodromy action of etale fundamental groups on the 
universal covers. 

Lemma 11.2. Assume that there is a group homomorphism 

a : Aut (Xet/X) ^ Aut (YJY) . 
Then there is a bijection 

T : Horn (X, Y) ^ Ham {X^t, Y^t) , f ^ fet 
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between sets given in a canonical manner: 

• Let f G Horn {X, Y) . Then the map 

g (xo) I — > a (g) (/ (xq)) 
defines a morphism 

fet '■ ^et ~^ 

for any xq E X and any g G Aut (Xgt/X) . 

• Let fet G Horn {X^t, Ygf). Then the map 

Px{x) I >Py {fet (x)) 

defines a morphism 

f-X^Y 

for any x e Xet- 
In particular, we have 

f opx =PyO fet. 

Proof. It is immediate from Lemma 10.1 and Theorem 10.2. □ 

11.2. Monodromy actions of absolute Galois groups. Let X and 

Y be two integral K-varieties. Consider the sp-completions {Xsp, \x) 
and {Ysp, Ay) and the universal covers {Xet^Px) and (y^t,py) for T:f'{X) 
and vrf (y), respectively. 

It is easily seen that there are isomorphisms 

Gal{k{Xy^P/k{X)) ^ Aut{x,p/xy, 

Gal{k{YY^P/k{Y)) ^ Aut{Y,p/Y). 

between groups from Lemma 7.2 and Theorem 8.7. 

Here is the monodromy action of absolute Galois groups on the sp- 
completions. 

Lemma 11.3. Suppose that there is a group homomorphism 

a : Aut{Xsp/X) Aut{Ysp/Y). 
Then there is a bisection 

T : Horn {X, Y) Horn {Xgp, Ygp) , f ^ fsp 
between sets given in a canonical manner: 
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• Let f G Horn {X, Y) . Then the map 

g{xo) I — >a{g) (/ (xq)) 
defines a morphism 

fsp • > Ygp 

for any xq E X and any g G Aut{Xsp/X) . 

• Let fsp G Horn {Xgp, Ysp). Then the map 

Ax (x) I — > Xy {fsp (x)) 
defines a morphism 

f:X^Y 

for any x G Xgp. 
In particular, we have 

/ o Ax = Ay o fsp. 

Proof. It is immediate from Lemma 7.2 and Theorem 8.7. □ 

11.3. Mono dromy actions of ramified groups. To start with, let's 
prove a preparatory lemma. 

Lemma 11.4. Let X be an integral K -variety. Suppose that {Xsp,Xx) 
is an sp-completion of X and {Xgt,Px) is a universal cover of X for 
the Stale fundamental group 7rf{X). Then there exists canonically a 
surjective morphism qx '■ Xgp —>■ X^t satisfying the below properties: 

• qx IS affine; 

• Ax = Px o qx; 

• Xsp is qc over X^t by qx; 

• {Xsp,qx) is an sp-completion of X^t- 
In particular, we have qx — Xx^t ■ 

Proof. Repeat the universal construction for an sp-completion of the 
integral scheme Xf.t in §5. Then we have a morphism 

?x = Axet : Xgp Xgt 
such that {Xgp, AxeJ is an sp-completion of Xgf. □ 

Let X and Y be two integral i^- varieties. Consider the sp-completions 
{Xgp, Ax) and {Ygp, Ay) and the universal covers {Xet,Px) and (Fet,Py) 
for TTf{X) and vrf (F), respectively. 

Prom Remark 10.9 we have the ramified groups 

3,,^, Ga/(A;(X)-7A;(X))_ 



Gal{k{XY^/k{X)) ' 
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,,,,,, GamYy^^^/kiY)) 



Gal{k{YY^/k{Y)) ' 
It follows that we have the following result. 

Lemma 11.5. For any integral K -varieties X and Y , there are group 
isomorphisms 

Trf {X) ^ Gal{k{Xy'P/k{Xr) ^ Aut{XjXet)\ 

< (F) = G'a/(fc(r)^^7fc(r)"") = Aut{Y,jY,t). 

Here is the monodromy action of ramified groups on the sp-completions. 
It will play an important role in the anabelian geometry. 

Lemma 11.6. Suppose that there is a group homomorphism 

a : Aut{XjXet) ^ Aut{YjY^t)- 

Then there is a bijection 

T : Horn {X^t, Y^t) ^ Horn {X^p, Ygp) , f ^ fsp 

between sets given in a canonical manner: 

• Let f e Horn {X^t, Ygt). Then the map 

g{xo) I — >a{g) (/ (xq)) 
defines a morphism 

fsp ■ -^sp ^ y^sp 

for any Xq G X^t and any g e Aut^Xgp/ Xf,t). 

• Let fsp e Horn {Xgp, Ygp). Then the map 

defines a morphism 

f ■ — > Yet 

for any x e Xsp. 
In particular, we have 

f O Xx,t = ^Y,t O fsp- 

Proof. It is immediate from Lemmas 11.3-4- ^ 
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12. Proof of the Main Theorem 

12.1. Preliminary lemmas. Let X and F be two integral i^- varieties. 
Fixed any sp-completions {X^p, \x) and (Ygp, Ay) of X and Y, and any 
universal covers {Xet,Px) and (Yet,Py) of X and Y for the groups 
nflX) and TfflY), respectively. 

There are several results on the sj)-completions and the universal 
covers of X and Y, respectively (c.f. [9]). 

Remark 12.1. From a viewpoint of sj)-completion, it is seen that 
arithmetic varieties and integral i^- varieties are very different. In fact, 
for arithmetic varieties Zi, Z2, by Theorem 9.15 we have 

fc(Zi) = k{Z2) =^ Sp[Z^] = Sp[Z2]. 

However, for integral i^'- varieties ^1,^2, from Lemma 8.9 it is seen 
that 

fc(Zi) = k{Z2) =^ Sp[Z^] = Sp[Z2] 
does not hold in general. 

Lemma 12.2. Suppose k{X) = k(Y) and Sp[X] = Sp[Y]. Then there 
exists a bijection r from Hom{X, Y) onto Hom{Xsp, Ysp) given in a 
canonical manner. In particular, Hom{X, Y) must be a non-void set. 

Proof. Fixed any sj)-completions Xgp and Y^p of X and Y, respectively. 
By Lemma 8.8 there is an isomorphism 

f sp • Xgp > Ygp 

according to the assumption that SpfX] = holds. 
By Theorem 8. 7 we have 

Aut{X,p/X) = Gal{k{Xy^P/k{X)) = Aut{Y,p/Y). 

From Lemma 11.3 we immediately obtain the desired properties. □ 

Remark 12.3. From a viewpoint of graph functor F, it is seen that 
arithmetic varieties and integral iC- varieties are also very different. In 
fact, for arithmetic varieties ^1,^2, we have 

fc(Zi) c k{Z2) =^ r(Zi) c r(Z2). 

However, for integral i^'- varieties Zi, Z2, in general, it is not true that 

k{z^) c k{Z2) =^ r(Zi) c r(Z2) 

holds. 

Lemma 12.4. Let k{X) be separably generated overk{Y). Then there 
are the following statements: 
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• There is a homomorphism 

asp : Gal{k{Xy^P/k{X)) Gal{k{Yy^^ /k{Y)). 

• There is a bijection t from Hom{X, Y) onto Hom{Xsp, Ygp) 
given in a canonical manner. In particular, Hom{X, Y) is 
empty if and only if so is Hom{Xsp, Ygp) . 

• Let r{Xsp) '2 r(ysp). Then Hom{X, Y) must be a non-void set. 

Proof. It suffices to prove the third statement. Suppose that ^(Ygp) is 
a subgraph of r{Xsp). Take the sp-completions {Xsp, Xx) and {Ygp, Ay) 
of X and Y, respectively. 

It is seen that the ring B of an affine open set V in Ysp must be 
embedded into the ring A of some certain affine open set U in Xgp as a 
subring. In deed, choose A to be the ring over B generated by the set 

Ab = {a{w) ■.weA,ae Gal{k{Xy^P/k{Yy^P)} 

where A C k{Xy^P \ k{Yy^P is a set of generators of k{Xy^P over 
klyy^P. It is easily seen that U — Spec{A) is an affine open set in an 
sj>-completion of X that is essentially equal to the given Xgp from the 
universal construction for Xgp in ^8.2. 

Conversely, each A must contain some B. In fact, let ^ and rj be the 
generic points of X and Y, respectively. Take any point yo in V. We 
have the specializations 

Tj^yoin Ysp-, 
C ^ yo in Xsp. 

Prom Lemma 8.2 we have an affine open set U — Spec{A) in Xgp 
containing ^ and yo; then, U also contains 77. Hence, A contains some 

B such that y^ eV = Spec{B). 

It follows that there is a homomorphism 

fu-U ^ Spec{A) -^V ^ Spec{B) 

defined by the inclusion. This gives us a scheme homomorphism 

fsp ■ -^sp ^ ^sp- 

By the projections Ax : Xsp — > X and Ay : Ysp — > y we have a 
unique homomorphism f : X ^Y satisfying the condition 

Xsp ° fsp — f ° Xsp. 

This completes the proof. □ 

Lemma 12.5. Let k{X) be separably generated over k{Y). Then there 
are the following statements: 



ALGEBRAIC ANABELIAN FUNCTORS 



47 



• There is a homomorphism 

abr : GalikiXyf/kiXf '^) Gal{k{Yy^P /k{YY''). 



• There is a bijection r from Hom{Xet, Yet) onto Hom{Xsp, Ygp) 
given in a canonical manner. In particular, Hom{Xet, Yet) is 
empty if and only if so is Hom{Xsp, Ygp). 

• Let T{Xsp) ^ r{Ysp). Then Hom{Xet,Yet) must be a non-void 
set. 

Proof. It is immediate from Lemmas 11.4-6,12.4- □ 

Lemma 12.6. Let k{X) be separably generated overk{Y). Then there 

are the following statements: 

• There is a homomorphism 



• There is a bijection r from Hom{X, Y) onto Hom{Xau, Yau) 
given in a canonical manner. In particular, Hom{X, Y) is 
empty if and only if so is Hom{Xau-iYau)- 

• Let V{Xsp) ^ V{Ysp)- Then Hom{Xet,Yet) must be a non-void 
set. 

Proof. It is immediate from Lemmas 11.2,12.4- □ 

12.2. Proof of the main theorem. Now we can give the proof of the 
main theorem in the paper. 

Proof. (Proof of Theorem 1.3) Noticed that from Lemma 11.5 we 
have the ramified groups 



aet : G'a/(A;(X)""/A;(X)) ^ Gal{k{Y)'''' jkiY)). 



< {X) 



Gal{k{X)''P/k{X)) 
Gal{k{X)^''/k{X)) 
Gal{k{Y)'^P/k{Y)) 
Gal{k{Y)''^/k{Y)) 



Aut{Xsp/Xet); 



Aut{Y,p/Yet)- 



Then we have 



Hom{X, Y) = Hom{n^{ (X) , vrf (F)) 
- AutiYjY) 
"^AutiXet/X)' Aut{Yet/Yy 



from Lemmas 11.1-4,11.6,12.2,12.4-6. 
This completes the proof. 



□ 
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